In this paper, we consider an approximation sequence of a common fixed point generated by Halpern type iteration with a finite family of nonexpansive mappings in a Hadamard space. We propose another style of Halpern type iteration with multiple anchor points and prove that it converges strongly to a common fixed point. MSC: 47H09
Introduction
The problem of finding a fixed point of nonexpansive mappings is one of the most important problems in nonlinear analysis and it has been investigated by many researchers with various approaches. In , Wittmann [] obtained that a Halpern type iteration with nonexpansive mapping is strongly convergent to a fixed point in a Hilbert space. Later, Shimizu and Takahashi [] showed that a Halpern type iteration with two nonexpansive mappings converges strongly to a common fixed point in a Hilbert space. Moreover, Kimura et al. [] proved an approximation of common fixed points of a finite family of nonexpansive mappings in a uniformly convex Banach space whose norm is Gâteaux differentiable.
On the other hand, in , Saejung [] introduced a Halpern type iteration with a nonexpansive mapping approximating a fixed point in a Hadamard space, and also proved the following theorem. 
F(T i ) = F(T N • T N- • · · · • T  ).
Then {x n } converges to z ∈
N i= F(T i ) which is nearest to u.
In this paper, we introduce an approximation theorem of common fixed points of nonexpansive mappings in a Hadamard space. We produce the iterative sequence {x n } as follows. Let u  , u  , . . . , u r , x  be arbitrary points in a Hadamard space, and let {x n } be iteratively generated by
for all n ∈ N, where {α n } is a sequence under the same conditions of Theorem ., and, for all k = , , . . . , r -, {β k n } are sequences in [a, b] ⊂ ], [. This iterative sequence is another type of convex combination for Theorem .. Furthermore, the anchor point of known Halpern type iteration is single, however our iterative sequence has multiple anchor points. Then we show that {x n } converges strongly to a common fixed point. In a Hilbert space, {x n } is convergent to the nearest point to 
Preliminaries
Let (X, d) be a metric space. For x, y ∈ X, a mapping c :
. If a geodesic with endpoints x, y exists for any x, y ∈ X, then we call X a geodesic metric space. Moreover, if a geodesic exists uniquely for each x, y ∈ X, then we call X a uniquely geodesic space. A Hadamard space, which is defined below, is a uniquely geodesic space. Let X be a uniquely geodesic space. For x, y ∈ X, the image of a geodesic c with endpoints x, y is called a geodesic segment joining x and y, and is denoted by [x, y] . A geodesic triangle (x  , x  , x  ) with vertices x  , x  , x  in X is the union of geodesic segments joining each pair of vertices. A comparison triangle (
is satisfied for all triangle in X, then X is called a CAT() space, and this inequality is called the CAT() inequality. A Hadamard space is defined as a complete CAT() space. Let X be a Hadamard space. For t ∈ [, ] and x, y ∈ X, there exists unique
We denote z by tx ⊕ ( -t)y. From the CAT() inequality, we obtain the following lemma. This lemma plays an important role in this paper.
Lemma . Let X be a Hadamard space. Then, for any x, y, z ∈ X and t ∈ ], [, it follows that
By this lemma, it is easy to see the following result.
Lemma . Let {x n }, {y n } be bounded sequences of a Hadamard space X. For
For more details on Hadamard spaces, see [] . Let T be a mapping from X into itself. T is called a nonexpansive mapping if the inequality d(Tx, Ty) ≤ d(x, y) is satisfied for any x, y ∈ X. A point z ∈ X is called a fixed point of T if Tz = z holds. We denote the set of all fixed points of T by F(T). A subset C ⊂ X is said to be convex if, for any x, y ∈ C, [x, y] is included in C. We know that F(T) is a closed convex subset of X if T is nonexpansive.
Let {x n } be a bounded sequence in a metric space X. For any x ∈ X, we put
Then, if there exists x ∈ X such that r(x, {x n }) = r({x n }), we call x an asymptotic center of {x n }. Moreover if, for any subsequence of {x n }, each asymptotic center is a unique point
x, we say that {x n } is -convergent to x. We know that any bounded sequence {x n } in a Hadamard space has a -converging subsequence; see [, ].
Halpern type iteration with multiple anchor points
In this section, we introduce some lemmas and show the main theorem.
sequence of nonnegative real numbers with
∞ n= u n < ∞, and {t n } be a sequence of real numbers with lim sup n→∞ t n ≤ . Suppose that
Then lim n→∞ s n = .
Lemma . Let {a n } be a sequence of real numbers with
∞ n= |a n+ -a n | < ∞. Then {a n } is convergent.
Lemma . (Seajung []) Let X be a Hadamard space and T, S : X → X be nonexpansive mappings with F(T) ∩ F(S)
= ∅. For any β ∈ ], [, define a mapping U by Ux = βTx ⊕ ( - β)Sx for all x ∈ X. Then U
is a nonexpansive mapping such that F(U) = F(T) ∩ F(S).

Lemma . (He-Fang-López-Li []) Let X be a Hadamard space and {x
Lemma . (Kirk-Panyanak []) Let X be a Hadamard space and T : X → X be a nonexpansive mapping. Suppose
is an element of F(T).
Lemma . (Mayer []) Let X be a Hadamard space and g : X → R ∪ {+∞}. If g is convex and lower semicontinuous, then g is bounded from below on bounded subsets of X. Further-more, g attains its infimum on nonempty bounded convex closed subsets of X. The resulting minimizer is unique if g is strictly convex.
Using Lemma ., we get the following result.
Corollary . Let X be a Hadamard space. For any u  , u  , . . . , u n ∈ X and β
for all x ∈ X. Then g attains its infimum on a nonempty closed convex subset C of X, and its minimizer is unique.
there exists a nonempty bounded closed convex set D such that the minimizers of g on C and D are identical. For x, y ∈ X with x = y and t ∈ ], [, we have
Thus g is a strictly convex, and by Lemma . we get the desired result.
Now we can obtain the main theorem for a finite family of nonexpansive mappings with multiple anchor points.
Theorem . Let X be a Hadamard space and T  , T  , . . . , T r : X → X be nonexpansive mappings with F = r i= F(T i ) = ∅. Let u  , u  , . . . , u r , x  be arbitrary points in X and let {x n } be iteratively generated by
and, for all k = , , . . . , r -, {β
Then {x n } converges to x  ∈ F which is the unique minimizer of g(
where For the sake of simplicity, we will prove only the case for triple mappings, that is, the following theorem. The proof of Theorem . is omitted as it can be deduced by similar arguments.
Theorem . Let X be a Hadamard space and R, S, T : X → X be nonexpansive mappings with F
w, x  be arbitrary points in X and let {x n } be iteratively generated by
Then {x n } converges to x  ∈ F which is a minimizer of g(x)
on F, where β = lim n→∞ β n and γ = lim n→∞ γ n .
Proof Let y n = γ n s n ⊕ ( -γ n )t n for all n ∈ N. We first show {x n } is bounded. Let p ∈ F. Then
By induction, we get
and hence we have {x n } is bounded. Since R, S, and T are all nonexpansive, we get {Rx n }, {Sx n }, {Tx n } are bounded. Moreover, by Lemma ., we also have that {r n }, {s n }, {t n }, {y n } are bounded sequences. Next, we show that d(x n+ , x n ) → . Using the CAT() inequality, we obtain
From this result, we also get
Therefore, we get
Using conditions (ii), (iii), (iv), (v), and Lemma ., we have
From conditions (iv), (v) and Lemma ., there exist β, γ ∈ ], [ such that β n → β and
we have that the mapping Q is nonexpansive with F(Q) = F(S) ∩ F(T). Similarly, we have that U is nonexpansive with F(U)
Since {β n } converges to β, by condition (i), we get
By the CAT() inequality, we get
Therefore, by condition (i), we have
Consequently, we get
Suppose p is an element of F. Then we get
Thus, we have
and hence we get
Furthermore, we obtain that
By the same procedure, it follows that
Therefore, we have that
From Corollary ., there exists x  ∈ F which is the unique minimizer of g on F. Then we have
Since β n → β and γ n → γ , we get
Moreover, since d(Rx n , x n ), d(Sx n , x n ) and d(Tx n , x n ) converges to , we also get
Therefore, we obtain that
and hence
Since {x n } is bounded, there exists a subsequence {x n i } of {x n } such that
and {x n i } is -convergent to some x ∈ X. From Lemma ., we have that
Since d(Ux n , x n ) → , x is an element of F by Lemma .. Moreover, since x  is a minimizer of g on F, we have that
Hence, by Lemma ., {x n } converges to x  in F.
For any points in a Hadamard space, we know that there exists a unique point in any closed convex subset which is the nearest of each subset to the point. Thus, we obtain the following corollary. Remark It will be interesting to consider similar results for an amenable semigroup of nonexpansive mappings using asymptotic invariant nets as in [] for Hadamard spaces.
